Abstract. We apply a previously obtained ansatz for extremal Ka¨hler metrics to show that if a manifold admits a Hodge metric with constant scalar curvature, then the total space of the projectivization of a line bundle with first Chern class equal to the Ka¨hler class of the metric admits a one-parameter family of extremal Ka¨hler metrics. This generalizes earlier constructions.
Introduction. The notion of extremal Ka¨hler metrics was introduced by Calabi
. On a compact complex manifold M 2m , consider the functional SðÞ ¼ R M s 2 m , where is a Ka¨hler form in a fixed Ka¨hler class ½ 2 H 2 ðM; RÞ, and s is the scalar curvature of . Ka¨hler metrics corresponding to critical points of S are called extremal Ka¨hler metrics. If g is a Ka¨hler metric, then g is extremal if and only if grad s is a real holomorphic vector field. This is equivalent to ð@sÞ ] being a holomorphic ð1; 0Þ vector field (we use ] for raising indices and [ for lowering indices).
In section 2, we review and refine the ansatz for extremal Ka¨hler metrics obtained in [3] . Proposition 2.1, Theorem 2.4, and Proposition 2.5 in [3] give an ansatz for extremal Ka¨hler metrics with torus symmetry assuming that the Ka¨hler quotient metric is of a very special form, namely q ¼ q ðdx dx þ dy dy Þ, where q is real. In this work the restriction on the Ka¨hler quotient is removed.
In section 3, we solve the equations from the ansatz in a special case and obtain the main result which states that if a manifold admits a Hodge metric with constant scalar curvature, then the total space of the projectivization of a line bundle with first Chern class equal to the Ka¨hler class of the metric admits a one-parameter family of extremal Ka¨hler metrics. Note that this result has constructions from [2, 3, 6, 7, 15, 17] as special cases , but it also gives us many more new examples.
In section 4, we restrict our attention to the case m ¼ 2. We then consider the metrics among the solutions from above which are locally conformal to an Einstein metric (wherever the scalar curvature does not vanish). These metrics are Bach flat, which means that they are extremal points of the conformally invariant functional W defined as the (square of) the L 2 -norm of the Weyl curvature. We observe that the metrics give rise to a sequence fg t g of Bach flat metrics on the trivial (product) ruled surface of any genus such that lim t!1 Wð½g t Þ ¼ þ1.
2. An ansatz for extremal Ka¨hler metrics. In this section, assuming the existence of a real torus acting through holomorphic isometries on a Ka¨hler manifold, we construct an ansatz for extremal Ka¨hler metrics. 
and assume the torus bundle has curvature
where w ij ¼ ðw À1 Þ ij , is a Ka¨hler metric on M. Conversely, any Ka¨hler metric with a torus acting freely through Poisson commuting holomorphic isometries can locally be constructed as above.
Proof. The proof is straightforward and we just make some remarks concerning the second part of the proposition. Let M be a T N -symmetric Ka¨hler manifold with metric g, Ka¨hler form , and complex structure J. Let ðX 1 ; . . . ; X N Þ be the Hamiltonian vector fields generated by the torus action, and let dz j ¼ Ài X j define the Hamiltonian functions z j . Then the metric is given as in equation (4), where h is a Ka¨hler metric in the quotient space of each level set of the Hamiltonians. Note that w ij ¼ gðX i ; X j Þ and 
Therefore we get
We need to spell out the conditions for the vector field ð@sÞ ] to be holomorphic.
There exist smooth functions F k of ð ; z l Þ such that the forms
. . . ; N, are a local basis of holomorphic ð1; 0Þ-forms.
Proof. We refer to [3] noting that È k is holomorphic if and only if
The integrability condition for system (6) and (7) is satisfied due to (1), (2) and the fact that h is a Ka¨hler metric. &
We are now ready to prove our ansatz. We refer to Proposition 1 for the notation. 
Note that if h is real, then (8), (9) and (10) are equivalent to (13) , (14), (15), (16), (17) , and (18) in Theorem 2.4 of [3] .
Proof of the theorem. In order to work with the above ansatz we need an expression for the scalar curvature.
2m be a symmetric Ka¨hler manifold as in Proposition 1 and let u ¼ log det h À log det w. Then the scalar curvature s satisfies
3. Construction of new extremal Ka¨hler metrics. In this section, we consider the case N ¼ 1. By solving the differential equations from the ansatz in a special case, we find new compact extremal Ka¨hler metrics. The work here generalizes the work in Section 3 of [3] and makes up for the unnecessarily complicated presentation of the hypotheses in Theorem 3.1 in [3] (see footnote 2).
First, we give the details on the special case in which we solve the equations. Then, we apply the ansatz from the previous section. 
where z, being the coordinate of ða; bÞ & ð0; 1, becomes the moment map of g with the obvious S 1 action on L, w is a positive function depending only on z, and ! is the connection one-form of the connection induced by g on the S 1 -bundle ðL À 0Þ ! ð;zÞ B Â ða; bÞ:
Notice that equations (1) and (2) are satisfied. The complex structure J on M is given by the complex structure on B and
The Ka¨hler form is given by
In [3] , at first glance, it does look as if we are constructing compact metrics on projective bundles over a product of negative Ka¨hler-Einstein metrics. However, coinidentally, the metrics on each factor were chosen such that the product was itself a Ka¨hler-Einstein manifold. It was the realization of this fact that motivated Theorem 3.
If X is the Hamiltonian vector field generated by the S 1 action, then The Ricci form is given by
w Þ which implies that the scalar curvature s is given by
If w À1 (by which we mean 1=w) is such that w À1 ðaÞ ¼ 0 and ðw À1 Þ 0 ðaÞ ¼ 2, then we can add a copy of B at z ¼ a and extend the Ka¨hler metric g over the zero section of the bundle L ! B. If, moreover, b < 1, w À1 ðbÞ ¼ 0 and ðw À1 Þ 0 ðbÞ ¼ À2, then we can add another copy of B at z ¼ b and extend g to a Ka¨hler metric on the total space of the CP 1 -bundle PðO È LÞ. We refer to [9, 10] for the details.
3.2. Applying the ansatz. In this special case, the only equation remaining from the ansatz is s zz ¼ 0:
Integrating and using the above formula for s we get the equation where
The endpoint conditions on w À1 for compactification are equivalent to the following conditions on PðzÞ:
Pð1Þ ¼ PðbÞ ¼ 0; P 0 ð1Þ ¼ 2;
For convenience, we have assumed that a ¼ 1. This can easily be achieved by rescaling. These conditions determine the coefficients of PðzÞ. Moreover, since w is a positive function, we need PðzÞ > 0 in the interval ð1; bÞ. For a given b, the coefficients C 1 ; C 2 ; C 3 and C 4 are given as follows:
where
3.3. Case m=2. When s B > 0, we have Calabi's extremal Ka¨hler metrics [2] on (non-trivial) Hirzebruch surfaces. When s B < 0, we have extremal Ka¨hler metrics on pseudo-Hirzebruch surfaces [17] . The case s B ¼ 0, which appears in Hwang's construction of extremal Ka¨hler metrics [7] , has, to the author's knowledge, not yet been considered explicitly for m ¼ 2. In this case, we have
;
Thus, for any given b > 1, PðzÞ satisfies the boundary conditions and is positive in the interval ð1; bÞ. The geometric picture is as follows. Let g B be a scalar flat Ka¨hler metric on a compact Riemann surface (of genus one). By rescaling we can assume that the class ½ 3.4. Case m ! 2. We want to find b > 1 such that PðzÞ both satisfies the boundary conditions and is positive in the interval ð1; bÞ. Given that the boundary conditions are satisfied, this would hold if P 00 ðzÞ < 0 on the interval.
Lemma 2. Let the coefficients of PðzÞ be such that the boundary conditions are satisfied. There exists > 1 such that for b 2 ð1; Þ, P 00 ðzÞ is negative in the interval ½1; b.
Proof. We can write P 00 ðzÞ ¼ z mÀ2 S m ðzÞ where
Recall the general formula for the coefficients C 1 and C 2 and consider n 1 ; n 2 and d as functions of b. Firstly, observe that From the above we see that there exists a > 1 such that if b 2 ð1; Þ, then d > 0, C 1 > 0, h > 0, and f < 0. In this case, S m is concave down and the apex z ¼ 1 2
Àmn 2 ðm þ 2Þn 1 is less than 1 2 . Moreover,
This tells us that there are no roots to the right of z ¼ 1 and consequently for b 2 ð1; Þ, S m ðzÞ < 0 for z ! 1. In particular, S m and P 00 ðzÞ are negative in the interval ½1; b. & Thus we have the following result.
Theorem 3. Let B be a compact Ka¨hlerian manifold which admits a Hodge metric with constant scalar curvature. Let L be a holomorphic line bundle on B such that that first Chern class of L is given by (AE) the Ka¨hler class of the metric. Then the total space M of PðO È LÞ ! B admits an extremal Ka¨hler metric.
Notice that a manifold satisfying the conditions in Theorem 3 must be a projective algebraic manifold.
Proof of the theorem. Ifg g B is a Hodge metric withs s B ¼constant, then ½ B sits in the image of H 2 ðB; ZÞ ! H 2 ðB; RÞ. By setting g B ¼ 2g g B , we have that
Since PðO È LÞ ffi PðO È L À1 Þ, we may assume that
Now let be as in Lemma 2. For b 2 ð1; Þ, z 2 ð1; bÞ, z mÀ1 w ¼ PðzÞ, and PðzÞ satisfying the boundary conditions, the metric
is an extremal Ka¨hler metric on the total space of ðL À 0Þ ! B which extends smoothly to an extremal Ka¨hler metric on the total space of PðO È LÞ. &
The scalar curvature of the metric is given by
For b 2 ð1; Þ, where is as in the proof of Lemma 2, we have that C 1 > 0, and, at the point
Thus s is positive on M. If ðB; g B Þ is a product of non-negative Ka¨hler-Einstein manifolds, then these metrics have been constructed by Hwang [7] , (generalizing Calabi's construction [2] for B ¼ CP mÀ1 ). See also Guan's paper [6] . If ðB; g B Þ is a Ka¨hler-Einstein manifold with s B ¼ À2ðm À 1Þ, then the metrics were constructed in [3] 2 . However, the above theorem includes many more new examples. For instance, ðB; g B Þ could be a product of Ka¨hler-Einstein manifolds, not necessarily with the same sign of curvature.
Let B be a projective algebraic manifold. 4. Bach flat metrics. In this section, we restrict our attention to the case where the complex dimension is equal to two and discuss the metrics among the solutions from the last section which are locally conformal to an Einstein metric (apart from where the scalar curvature vanishes). ðb À 1Þðb 2 þ 4b þ 1Þ ;
and
If s B < 0, then there exists ab b > 1 such that for any b, 1 < b <b b, we have an extremal Ka¨hler metric as above [17] . The boundb b is the unique solution, greater than one, of the equatioñ
One checks easily thatb b > 6 for any k 2 N.
Extremal
Ka¨hler metrics which are locally conformal to Einstein metrics. Let g be an extremal metric as in the above subsection. It is well known, [5] , that if
then the metric s À2 g is an Einstein metric on M n fs ¼ 0g. Since s ¼ 6ð2C 1 z þ C 2 Þ, this equation reduces to the equation
which in turn becomes an equation in b:
